
BE/APh161: Physical Biology of the Cell
Homework 6

Due Date: Wednesday, March 3, 2021

“One of the principal objects of theoretical research in any department
of knowledge is to find the point of view from which the subject appears in
its greatest simplicity.” - Josiah Willard Gibbs

1. Elasticity, Hydrodynamics and Indicial Notation.

This problem aims to give you practice in thinking about indicial notation
and gives you a chance to think further about the ideas concerning elastic-
ity and hydrodynamics that we will spend several weeks on in class. A key
notational convenience that will be afforded us is the use of the summation
convention. The basic injunction is: sum over all repeated indices. You can
learn about this in detail in the middle of the vignette on “Stress and Strain.”
So as to gain familiarity with this convention, work out the following exam-
ples.

(a) Write out aibi as a full sum and give its standard interpretation in vector
analysis by writing it in vectorial form.

(b) The electric current density j is related to the applied electric field E
through the relation j = σE. The tensor σ is known as the conductivity
tensor. Write this relation in indicial notation and then do the sums. How
many equations is this? Write them all out.

(c) The vector cross product can be written as ai = εijkbjck, where the Levi-
Cevita symbol is defined as ε123 = ε231 = ε312 = 1, ε132 = ε213 = ε321 = −1
and 0 otherwise. Another way of stating this that the Levi-Cevita symbol
is 1 for even permutations of ε123, -1 for odd permutations and zero for all
other cases. Using these conventions, show that the expression written in
summation convention notation yields the correct components of the vector
cross product.

(d) Write out ∂(ρvi)/∂xi by following the edict of the summation convention.
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(e) Rewrite ∇p in indicial notation. The gradient in pressure will be impor-
tant to us when considering the Navier-Stokes equations.

(f) Write out a · (b× c) in indicial notation.

(g) When we balance forces in continuum mechanics, we will be interested in
the divergence of the stress tensor. Write out ∂σij/∂xj using the summation
convention. How many equations is this? Write them all out.

(h) Write out
∂E1

∂x1
+
∂E2

∂x2
+
∂E3

∂x3
, (1)

in indicial form and in vectorial form using ∇.

(i) Consider the matrix equation a = Mb, where a and b are column vectors
with three components and M is a 3 × 3 matrix. Write out the rules for
matrix multiplication for this problem in indicial notation.

(j) ∂vi
∂xi

(write this in direct vectorial notation also).

(k) Given a matrix M, what is Mii? What is another way of writing this?
Consider the matrices A and B. Write the ijth element of the matrix AB in
terms of the matrix elements of A and B individually. Use indicial notation.

(l) In the Navier-Stokes equations one encounters terms like v · ∇v. Rewrite
this in indicial notation, using the summation convention.

(m) In linear elasticity, the stress tensor is of the form σij = Cijklεkl. Write
out the components of σ11 and σ12 of the stress tensor by exploiting the sum-
mation convention.

(n) The equilibrium equations for elasticity are written as

∂σij
∂xj

+ bi = 0. (2)

bi is the ith component of the “body force” (e.g. gravity). This is three
equations corresponding to i = 1, 2, 3. Write all three equations by using the
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summation convention.

(o) For the particular case of an isotropic, linear elastic solid, the elastic
modulus tensor is of the form

Cijkl = λδijδkl + µ(δilδjk + δikδjl). (3)

In this case, find an expression for the stress σij = Cijklεkl and the stored
energy density of the solid, W ({εij}) = 1

2
Cijklεijεkl. Write your expression

for the stress in both indicial and vector notation. Also, use this form for
the elastic modulus tensor to obtain the equilibrium equations (the so-called
Navier equations) by plugging your result for σij into

∂σij
∂xj

= 0. (4)

Note that we are looking at the particular case in which the body force has
been set to zero.

(p) The Navier-Stokes equations are of the form

ρ(
∂vi
∂t

+ vk
∂vi
∂xk

) = µ
∂2vi

∂xk∂xk
− ∂p

∂xi
. (5)

Write all three equations by exploiting what you know about the summation
convention. Also, write these equations in direct (vectorial) form.

2. Equation of Motion for Mean Cytoskeletal Filament Length

In class we discussed the rate equation protocol shown in Figure 1. Our
application of the protocol in class was to the problem of a constitutive pro-
moter and provided a dynamical equation for the average number of mRNAs
per cell as a function of time. In this problem, you are going to imitate that
analysis, but this time thinking about the average length of a cytoskeletal
filament as a function of time. Imagine a situation in which we have a closed
box in which a single cytoskeletal filament has been nucleated (using a nu-
cleating factor, for example) and which is bathed in a reservoir of monomers,
with the initial number of monomers being given by Ntot. Our goal is to com-
pute L(t), where L is the length of the filament as a function of time. The
rate at which monomers attach is konnfree, where nfree is the number of free
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identify the variables
of interest

1 enumerate the ways 
those variables increase or
decrease and define rates

2 write down an equation describing
change over each time step Δt 

3 integrate to get an
equation m(t)
describing time –
evolution
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Figure 1: The rate equation protocol. To write dynamical equations for the
time evolution of quantities of biological interest, there is a progression of
steps.

monomers and the rate at which monomers detach from the tip of the grow-
ing filament is koff . Write a dynamical growth equation for the dynamics of
L(t) and find the solution. What is the steady-state length of the filament?
Make a plot of the length as a function of time - you can attempt to figure out
reasonable choices of the parameters by looking at book.bionumbers.org or
by looking at PBoC, but give an explanation of your choices. Also, compare
and contrast the analysis here with that done in class for the constitutive
promoter.

3. Physical Biology of Viruses.

The vignette from the section of the course on “rate equations for pandemics”
will help you on this problem.
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Since their discovery over 100 years ago, viruses have always occupied a
central place in biology. One of the debates that has swirled around their
existence is the simple question of whether or not they are “alive”. During
the Max Delbrück era, he was interested in finding the “hydrogen atom” of
life and found bacterial viruses (the so-called bacteriophages - literally, bac-
teria eaters) would serve perfectly in that capacity. Several years ago when
I was teaching this course, the big news was Zika virus and before that a
very scary Ebola outbreak. This year, we are faced with the coronavirus,
COVID-19. My own switch from condensed matter physics to biology was
partly elicited by an amazing paper from the group of Carlos Bustamante at
UC Berkeley who had figured out a way to measure the build up of pressure
as DNA is packed into the bacteriophage capsid. In this problem, we take a
random walk through the physical biology of viruses, honoring them as one
of the most sophisticated, interesting and scary parts of the biological world.

(A) A simple model of viral spread through a population is the so-called
SIR model, where S refers to susceptible, I refers to infected and R refers
to recovered-removed. There is a long tradition running all the way back
to the Greeks of trying to understand the population dynamics of disease
spread. In 1760, the great Daniel Bernoulli mused on the topic of small pox
and vaccinations as shown in Figure 2. If the rate of infection is given by
r, and the rate of recovery is given by α, write three coupled differential
equations for the dynamics of S, I and R. Choose reasonable values of those
parameters based on looking at the current story of Coronavirus. Consider
a closed and isolated city such as Wuhan, China (that is, make the clearly
overly optimistic assumption that no one leaves or enters the city) and solve
for the three variables as a function of time and plot them together on a
common plot such as that shown in Figure 3. Explain the phase portrait in
detail that is shown in Figure 4. Specifically, find an analytic expression for
the parameter ρ which is the critical population size such that dI/dt > 0.

(B) How are viruses transmitted? Three key routes are through the respira-
tory tract, the digestive tract and the reproductive tract. In all three cases,
our bodies are set up with a number of different tricks to resist infection
including mucus and ciliary transport in our respiratory and digestive tracts
and harsh conditions in our digestive tract such as low pH. The current coro-
navirus epidemic is passed through the respiratory tract and in this part of
the problem, we appeal to Figure 5 for a look at the distribution of droplet
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Figure 2: Paper from Daniel Bernoulli, 1760 in which he considered a dy-
namic model of small pox.
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Figure 3: Influenza data from a boarding school for boys reported in The
Lancet in 1978.

sizes. The claim is that a strong sneeze or cough can contain more than
10,000 such droplets. How much volume is that? Does that make sense?
Estimate how many influenza or coronavirus particles will be carried in a
typical droplet. I have not done all of these estimates carefully enough for
my own satisfaction so this part of the problem is an adventure for all of
us. A very interesting source of information on this is the work of Prof.
Lydia Bourouiba from MIT who does visualization experiments on humans
coughing. https://www.nature.com/articles/d41586-019-00065-5 - an excel-
lent brief interview with Bourouiba on the physics of sneezing and coughing.

4. A feeling for the numbers: stress in biology.

One of the fundamental facts of life is changes in osmotic stress. To put it
bluntly, sometimes the bacteria in our guts are all of a sudden exposed to pure
water in a toilet bowl, resulting in a substantial hypoosmotic stress coming
from a concentration change as much as ∆c = 1 M. One simple equation of
state for the osmotic pressure that results is the so-called van’t Hoff equation
which says that the osmotic pressure is given by the ideal solution form

Π = ∆ckBT, (6)
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Figure 4: Phase portrait in the SIR model. The total population size is N .
The number of susceptible individuals plus the number of infected individuals
at t = 0 is equal to the population size. Thus, all subsequent evolution of
the population must exist within the triangle since S(t) + I(t) + R(t) = N .
ρ is the critical population size for the occurrence of an epidemic.
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Figure 5: Distribution of droplet sizes after a sneeze.
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where ∆c is the concentration jump across the relevant cell membrane. Work
out the stress in Pa units for an osmotic stress experiment.

5. The Art of Estimation Revisited

One of the main objectives of this course was to make sure you leave with a
sense of how to do order of magnitude thinking and to obtain simple estimates
for biological (and other) phenomena, yielding what Barbara McClintock re-
ferred to as a feeling for the organism.

Figure 6: Ground finch in the Galapagos.

In this problem, the goal is actually to make yourself do quick drills to
get reinforce the habit of just making guesses about quantities. I like the
Spanish proverb: “Habits are like cobwebs, then cables.” We need to get
into the estimation habit. Do not look up any facts - you can look at the
included pictures and just make a quick statement based upon less than 60
seconds of staring. When appropriate, try to use the square root rule that
we discussed in class. For each case, give a brief, but thorough description
of how you came by your estimates. Don’t just quote a single number. Give
us some context about how you got your result. These problems are chosen
from a wide variety of different biological contexts and give us the chance to
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Figure 7: Starling flock in Rome.

practice our skills at many scales and in many contexts.

(a) What is the thickness of the beak of a ground finch? (in mm) Make
an estimate of the beak-to-beak variation in beak size between adult ground
finches. Use Figure 6 to help in making a rapid estimate. The biological sig-
nificance of this estimate is that measurements have shown that a difference
in beak thickness of less than 0.1 mm can mean the difference between life
and death for finches faced with a drought where cracking harder and less
desirable seeds becomes necessary.

(b) How many starlings are in the flocks seen in Rome? How many kilo-
grams of poop do these birds drop on Rome each day? Figures 7 and 8 can
aid you in your thinking.

(c) When a bacterium is infected by a bacteriophage (a bacterial virus),
what is the typical burst size of the viruses (i.e. how many viruses emerge
from the cell after it lyses?) Begin by looking at Figure 9 and quickly telling
us how big a bacterium is, how big a bacteriophage is. Then for figuring out
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Figure 8: Consequences of starling flock in Rome.

1 µmnascent viruses

empty capsids following infection

Figure 9: Burst size of an infected bacterium.

the burst size, use Figure 9, but don’t count. Do quick estimating by picking
a lower and upper bound.

(d) How many atoms are in a “typical” amino acid? Figure 10 shows the
side chains of the amino acids and should help you quickly make an estimate.
Similarly, give an estimate of the typical mass of amino acids in Dalton units
(remember, a Dalton is the mass of one hydrogen atom). How many atoms
are in a typical base. Figure 11 shows various representations of bases and
DNA. Similarly, give an estimate of the typical mass of nucleotides in Dalton
units.

(e) Use Figure 12 to estimate the speed of the ocean currents experienced
by Rizal Shahputra. Using your estimate from the first part of the problem,
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Figure 10: Amino acid side chains.

give an estimate of the time spent in the ocean by the tortoise shown in Fig-
ure 13 in its journey drifting from Aldabra (see Figure 14) to Tanzania! The
reason I am asking you to do this problem is that the subject of biogeography
of oceanic islands is one of the great evolutionary subjects. How do islands
such as Hawaii, the Galapagos and Principe get colonized?

(f) In this part of the problem, you are going to do an integral by eye-
balling. Figure 15 shows the spectrum of radiation reaching the earth. By
approximating the curve as a rectangle work out a simple statement for the
flux of radiation on the earth from the sun in units of W/m2. Then, using
the blue region, figure out the flux 10 m below the surface of the ocean.
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Figure 11: Structure of DNA.

(g) Every time an electron microscope is used to take an image it cor-
responds to roughly a 1µm × 1µm area. The electron microscope is used
to explore the structure of the nanometer scale world of cells, for example.
Biology is a subject characterized by great naturalist voyages in which figures
such as Humboldt, Darwin, Wallace, Huxley and Hooker traveled around the
world to try and collect data on biological diversity. The point of this prob-
lem is to get a sense of the microscopic diversity explored. Make an estimate
of the total area looked at in biological samples using electron microscopes
in the history of science. How does this correspond to the area of the Earth?
What do you conclude about the extent to which we have “explored” the
microbial diversity on the planet?
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Figure 12: Article about tsunami survivor after Boxer Day earthquake in
Indonesia in 2004.

15



Figure 13: Tortoise found in Tanzania after traveling across the ocean. Notice
the barnacles that have attached to the tortoise.
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Figure 14: Map showing the position of the Aldabra Atoll in the Indian
Ocean.
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Figure 15: Spectrum of solar radiation reaching the Earth.
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