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1 Background

My interest in this subject has been long standing, but only recently has my research been
pushing me towards a more guantitative understanding of this material. A great many systems,
both physical and abstract, have constituents with speci c energetic interactions. When a
system of such interacting particles is subject to uctuations of a well-de ned spectrum €.g. an
exponential distribution of energy, like Boltzmann statistics) the system attempts to maximize
its degree ofdisorder in a way that is proportional to the magnitude of these uctua tions
(i.e. temperature). This is, of course, the notion of entropy, andthe origin of the energetic term
TS in thermodynamic potentials. Simultaneously, each partide in the system is trying to

minimize its energy of interaction with neighboring particles, setting up a competition between
the entropy of mixing and the enthalpic benet of having certain preferred neighbors. This
competition leads to a temperature-dependent phase transion.

In the case explored below, this is a so-called “order-disder' or “second-order' transition.
E ectively, this means that below a certain critical temper ature (or critical value of some other
parameter in the system) particles in the system will organze themselves such that enthalpy
is minimized. Most often, the speci ¢ interactions are suchthat like-likes-like, hence particles
organize spatially by similar type to form unique phases.

The purpose of this tutorial is both to understand some aspets of this entropy-enthalpy
competition and subsequently the kinetics of phase separatn.

2 Derivation of the Cahn-Hilliard Equation

For the purposes of this tutorial let us assume we are dealingvith a 2D binary uid composed
of A and B particles in the limit where di usion is the major transport mechanism (as opposed
to hydrodynamics). Let us de ne the order-parameter eld such that = 1 is a phase
completely made ofA particles, and = 1 is a phase completely made oB particles, with a
linear interpolation between those two phases. We assume thinteractions of AA and BB are
favorable, while AB = BA are unfavorable. If a particle A and a particle B are interacting,
this means there is an unfavorable energy associated with argdient in the eld r . Obviously,
the direction of that gradient does not matter (i.e. we have rotational symmetry) and we want
energy and its derivatives to be well-de ned, thus gradiens in the eld must be energetically
penalized byjr j? to obey that symmetry.



Many entire text books have been written on the theory of pha® transitions, hence we will
not dwell on that topic here. We assume that due to the inter-molecular interactions, and
interactions with any external elds there is a potential energy landscape,V( ;T ), that has a
temperature dependent transition from a random, high tempeature phase, to an ordered, low
temperature phase. In the Landau formalism, this can be appoximated by a potential of the
form

V(T)= aT) 2+ c(T) % (1)

where the coe cients ¢; are connected to the precise Hamiltonian of the system, but e unim-
portant for our analysis. Clearly, when (@V=@%2)j - = 0, or in other words when ¢; switches
sign, something funny happens - the one minimum at = 0 vanishes, and yields a state with two
distinct minima at non-zero eld values - this is the phase transition. With no loss of generality,
we will rewrite this potential as

1
V = Z(a (b))% (2)
The stable phases, given by@V=@x= 0, are
p_
a

with the clear interpretation that real values of are always stable {.e. a > 0); the energy
barrier between those xed pointsis at =0.
We combine this potential with the boundary penalty to form an energy functional for the
entire eld in space and time
z 1
F[ ()] = 2@ (b )%)% + i j? da (4)

where is a constant that penalizes phase boundaries, and has its m@ioscopic origins in the
interactions between the A and B particles. Now it's time to apply physical intuition - if is
understood as a measure of particle number, ané is the energy of a particular con guration
of , then the variation in F with respect to is quantifying how the energy changes when
particles change position, or in other words, it de nes the dciemical potential of the system

i: : (5)

From that one simple idea, a quick series of steps brings us tthe Cahn-Hilliard equation. All
we need to do is remember that Fick's First Law states that the ux of particles in a system is
proportional to the gradient of the chemical potential

J= Dr ; (6)

and that we cannot create, destroy or switch particles (as wehave currently set things up),
which means this ux must obey a continuity equation

@ A
o 1=0 7)
or
@ — 2.



To nish o the derivation we need only calculate the chemical potential

:i:(b43 ar’ ) o ?: 9)

Finally
@ 2 (1t 3 2
= =Dr? (b alk? r : 10
ot ( ) (10)
where D is playing the role of an e ective di usion coe cient, and in the next section we will
extract out a natural length and time scale, such that there is only one free parameter in the

Cahn-Hilliard equation.

2.1 Deriving a Natural Length and Time Scale

Let's make the assumption that this system has a natural lengh scale and natural time scale
,suchthatt = fand x = R®. Then the di erentials can be rewritten

@_1@
== = 11
o @ -
and
n — l n.
r=—r;: (12)
Then the Cahn-Hilliard equation can be written (leaving the subscript o r )
@ D ab? D
@:r272(23 ) —5r? (13)
with = b:IO a. This leaves us with two equations and two unknowns, hence wend
~ 220D (14
and r_
1
=5 3 (15)
The Cahn-Hilliard equation is now
@ _2 23 r 2 (16)

a@
Already we notice two things - rst we retrieve the well-known result that the length scale
diverges at the phase transition {.e. lim 5 ¢ = 1 ). Second, we see that the nonlinearity in
the PDE is strongest near the phase transition (.e. lim 45 o= 1).
For a given initial condition, (%; 0), this equation can be numerically solved, however to
make analytic headway, we will employ the so-called “strongegregation' limit. This simply
means that we are far from the phase transition where partichs A and B strongly seek their

own kind, such that 1. Hence the Cahn-Hilliard equation is written in a linearized form
@ 2 2
— =T +r : (17)
a@

The next section will use this linearized equation to derivewavelength-dependent dynamics and
the general linearized solution.



3 Kinetics in Fourier Space

Given the orthonormality and completeness relations, we kow that we can represent by its
Fourier Transform Z

&= AcBe **dk: (18)
We can also represent derivatives in space and time using thEourier Transform, such that
VA
G Ale Kk (19)
and forn=2:4
VA VA
r" o= A DMk k)2 KRdk = Ag()i"jkj"e K *dk: (20)

Using these two relations, we can write anindependentdynamic equation for the evolution of
each Fourier component
Ax = (k% | KiHAK: (21)

This is the cbalssic “spinodal decomposition' result, statig that instabilities with wavelengths
near jkj = 1= 2 grow fastest, and that all wavelengths withjkj > 1 are exponentially damped,
while all wavelengths with jkj < 1 grow exponentially. Physically this results in a rapid evdution
of features on a certain length scale, followed by a long-tira evolution of long-wavelength features
(see Figure 1a). Additionally, the dynamics shows a kind of Scale-invariance', whereby evolution
in time is equivalent to increasing the spatial scaling (sed-igure 1b).

Lastly, the general solution for the linearized equation isfound by solving the dynamics for
each wave vector

Ak(f) = Ak(0)elMI KO (22)
The initial condition, (%&; 0), speci es the initzial conditions for each wavelength
A (0) = zi (%; 0)eKRdg; (23)
such that the general solution is writtezn
&0 =  Ag(0)elki’i Kiftg ik2gy. (24)
Phrased di erently, if we use a -function, thzen
Ax(0) = zi (& RYeXRdg; (25)
and 1
Ax(0) = Z—e"‘ 2, (26)
Substituting this into the general linearized solution gives the Green's Function
G(%2%0) = Ziz elk®] ki9fg Tk (x g (27)
and the general solution 7
&H= G215 ®%0)dr® (28)
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Figure 1: Phase Kinetics in Simulation and Experiment. a) Progression of spinodal decomposi-
tion and phase kinetics in a di use Monte Carlo simulation in two dimensions with A (white)
and B (black) particles at h i = 0. The frames correspond to pre-quench, 20, 100, 400, 1000,
3000, and 5000 Monte Carlo steps, respectively. Notice shbwavelengths disappear quickly,
and long wavelengths evolve slowly. Ostwald ripening is als visible during the simulation, as
small domains “evaporate' and join larger domains. b) A quatative demonstration of scale
invariance showing the similarity between frames 20, 400,00, and 3000. The scale factors are
listed below each frame, and a plot of scale factor vs. time siws a power law relationship with
an exponent' 1=4. To convince the reader, the three scaled images are then dradded in
the original image, showing they are almost indistinguishdle. c) Spinodal decomposition of two
phases on a spherical lipid vesicle (experiment). See thedéos on YouTube (refs 3 and 4).
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