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Background

This tutorial is meant to acquaint readers from various backgrounds with many of the com-
mon ideas surrounding di usion. The di usion equation, most generally stated
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has multiple historical origins each building upon a uniquephysical interpretation. This partial
di erential equation (PDE) also encompasses many ideas abat probability and stochasticity and
its solution will require that we delve into some challengirg mathematics. The most common
applications are particle di usion, where c is interpreted as a concentration andD as a di usion
coe cient; and heat di usion where c is the temperature and D is the thermal conductivity. It
has also found use in nance and is closely related to Schrodger's Equation for a free particle.

But before delving into those fascinating details, what is t that the di usion equation is
actually trying to describe? It allows us to talk about the st atistics of randomly moving particles
in n dimensions. By random, we mean the movement at one moment irime cannot be correlated
movement at any other moment in time, or in other words, there is no deterministic/predictive
power over the exact motion of the particle. Already this means we must abandon Newtonian
mechanics and the notion of inertia, in favor of a system thatdirectly responds to uctuations
in the surrounding environment.



It is then inherent (almost by de nition) that di usion take s place in an environment where
viscous forces dominate i(e. very low Reynolds Number). Given a group ofnon-interacting
particles immersed in a uctuating (Brownian) environment , the movement of each individual
particle is not governed by the di usion equation. However, many identical particles each obey-
ing the same boundary and initial conditions share statistical properties of their spatial and
temporal evolution. It is the evolution of the probability d istribution underlying these statis-
tical properties that the di usion equation captures. The function c(x;t) is a distribution that
gives the probability of nding a perfectly average particle in the small vicinity of the point
X at time t. The evolution of some systems does follow the di usion equ#on outright: for
instance, when you put a drop of dye in a beaker of water, thereaare millions of dye molecules
each exhibiting the random movements of Brownian motion, bu as a group they exhibit the
smooth, well-behaved statistical features of the di usion equation.

In this tutorial we will briey discuss the equations of moti on at low Reynolds number
that underly di usion. We then derive the di usion equation from two perspectives: 1) the
continuum limit using potentials, forces and uxes, 2) from a microscopic point of view where
the individual probabilistic motions of particles lead to di usion. Finally we explore the di usion
equation using the Fourier Transform to nd a general solution for the case of di usion in an
in nite n-dimensional space.

A Continuum View of Di usion

Unlike our macroscopic experiences, where objects move abiestant speeds, with a well-de ned
momentum in a straight line, the life of a small particle is dominated by fast time scales, short
distances, and collisions with neighboring particles thatyield a very erratic (or even ergodic)
motion. In some sense, the apparent disparity between macraand micro-scopic life is really an
issue of scale, that is to say, our normal observations are g very slow (on the order of seconds)
compared to molecular collisions (on the order 102s) and our distances are very very large (on
the order of a 1 m) compared to molecular mean free paths (on the order of 10 10 9m).
Thus the ideas of viscosity and random walk are in place only @ allow us to ignore the massive
complexity of such a small, fast system, to yield a more trachble problem.

The Reynolds number is a dimensionless measure of the ratiof énertial forces to viscous
forces in a uid, hence if viscous forces dominate in di usicn, we would expect a very low
Reynolds number. The Reynolds Number of a particle with chaacteristic sizer is given by

R= Vs

(2)

where is uid density, is absolute viscosity, andvs is the characteristic speed at which the
particle moves through the uid. In the thermal setting, equ ipartition gives a measure ofhvgi

by r
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wherem is the particle mass. For example, a particle with radius 10 m and density comparable
to water, at room temperature v¢ 1 m/s. Then given the density (1000 kg/m3) and viscosity
(0:001 Ns/m2) of water, R' 10 2. At this low Reynolds number, viscous e ects dictate that a
particle moves at a velocity proportional to the force applied

v= F; (4)



where the constant of proportionality ( ) is called the mobility. Such a strange equation of
motion arises because energy is dissipated very quickly atigfh viscosity. Let us consider quasi-
spherical particles, where it makes sense that the mobilityshould decrease both with increasing
particle size (more uid to move out of the way) and uid visco sity (each unit volume of uid
is harder to move out of the way), where by dimensional analys

l .
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By de nition, a ux is a movement of particles (or other quant ities) through a unit measure
(point, length, area) per unit time. In the case of di usion, we are concerned with a probability
ux (very similar to a concentration ux) and hence

J(x;t) = c(x;t)v(x;t): (6)

From statistical mechanics we know that the chemical potental (with units of energy) is related
to local probability density (or local concentration) by

= ot keTIn(c=c); (")

where , and ¢, are constants. If the probability density varies in space, hen the chemical
potential also varies in space, generating a force on the pécles, given by

ke T
F=rr = B rec (8)
Putting this altogether, this means the ux in the system is
J= kgT rc: (9)
For spherical particles the mobility is the inverse of the Sbkes drag
1
= _— 10
= (10)
and thus the di usion coe cient is de ned as
ke T
D = : 11
6r (11)
Finally, we recover Fick's First Law
J= Drec: (12)

For a normal di usion process, particles cannot be created ndestroyed, which means the ux of
particles into one region must be the sum of particle ux owing out of the surrounding regions.
This can be captured mathematically by the continuity equation

@@D%+ r J=0; (13)
which upon substitution yields the di usion equation
@@%: r (Dr c): (14)



If the di usion coe cient is constant in space, then

@ 2

—c=Dr “c: 15

o (15)
We should note that c and D take on di erent meanings in di erent situations: in heat co n-
duction ¢/ T and D = is the thermal conductivity, and in the movement of material, c is

interpreted as a concentration.

A Microscopic View of Di usion

The continuum view of di usion appeals to our intuition about forces and uxes, but gives

little understanding of how the erratic motion of particles and the probabilistic nature of mo-

tion on this scale gives rise to di use behavior. In one of hidandmark papers in 1905, Einstein
derived a more general version of the di usion equation usig a microscopic perspective. We
will roughly follow that derivation here.

Imagine you are a small particle in a uctuating environment. Standing at position x you
are bombarded by particles whose energy is distributed aceding to e s T, During atime t
you are impacted by some number of particles such that theres a probability that you have
been moved to a new positiorx + . In isotropic di usion, the rate at which you are bombarded
by particles is not dependent on direction, and hence on averge your position does not change
much. This de nes a “jump’ distribution

(x; ; t); (16)

which is interpreted as the probability that during a time  t, you will be jostled by your neigh-
bors such that you move fromx ! x+ . We impose the obvious constraint that regardless of
position or size of the time step, you must jump somewhere (= 0 is somewhere), or mathemat-

ically 7

(x;; td =1; 17)

M

where M is the set of all possible jumps. Now we construct a so-calletmaster equation', which
dictates how probability ows from one state to another in a system. Consider the probability
density at position x and time t + t; this can be written as the sum of all probability density
which ows from an arbitrary position into this position in a time t. Whatever probability
density was originally at x has a probability (1 (x; 0; t)d ) of moving from x, hence it will
always moves. This is written as the Einstein Master Equatian

Z
c(x;t+ t)= c(x ;t) (x ;; td: (18)
M
More pedantically, let us read this as a (long) sentence: therobability density at position x
and forward time stept + t is increased by the ow of probability from a point x . There
was a probability (x ; ; t)that the all the probability density at x (i.e.c(x ; t)

made a jump to reach x. During that same small time step, whatever probability density
was originally at x made any number of jumps 2 M to move all of the original probability
density at x to some new point (that is of no consequence). We then go arouhand add the
contributions from all possible jumps. The truly amazing thing here is that all of the probability
density at a point moves in the same direction. For instancewhy doesn't half of the probability

4



density go one way, and half another? The success of this thestical construct demands that
we consider the probability density as being de ned by an ensmble average of many identical,
guantized particles (as opposed to the ow of some completgl continuous eld). This is why it
has been said that Einstein's analysis of di usion helped shdify the idea of atoms and molecules
as real physical objects. One could also interpret this as aascent prediction of the existence of
the particles that carry heat, called phonons.

Examining the left-hand side in a Taylor series for small time step we nd

c(x;t+ t)= c(x;t)+ @@%(x;t) t+ O( t?): (19)

To proceed we need to make one assumption, which is that durgnan arbitrarily small time step,
the nominal distance traversed by particles is small so thatwe can expand aboutx = X +
This is very rational, in that it demands that particles cann ot just "poof' from one distant point
to another in an arbitrary time step. Examining the right-ha nd side near the pointx + , we
write the Taylor series of 7

cx ;t) x ;; td (20)
M
term by term. The rst term is simply
Z Z
[c(x t) (x 5 Dlixex+ d = c(x;t) (x5 td = c(xt): (21)
M M
The second term is
Z Z
( r)fex 5t) (x 55 Oljx=x+ d =71 c(x; t) (x; td (22)
M M
Finally, the third term is
Z lZ
S r)Ple(x st) (X5 Dlixexe d =101 [e(0)]5 (x;; ©jj2d : (23)
2 v 2

To study diusion as a continuous process, we let t ! 0 (and hence termsO( t?) = 0).
Combining the Taylor series for the right and left hand sidesand canceling a common factor of
c(x;t), we have
Z
. 1
@@%(x;t) =r c(x; 1) Iltr!no—t y (x; ; td (24)

1
+r 1 [e(x:t)] lim — x; ;1) jd

[0t lim 5= (65 D) ]
In some sense, this is the most general statement of the di usn equation, however, the moments
of have far more intuitive meanings than are embodied by their htegral representation. Let
us examine those more closely - the rst moment is the averagedistance a patrticle travels in a
time t, hence 7

. 1

lim — (x; ; td = v(x); (25)

tto t
de nes an average particle velocityv, but what is this velocity? Recall that in this low Reynolds
number environment, there is a linear relationship betweenforce and velocity (v = F) and
further recall that all (conservative) forces can be though of as the gradient of a potential V (x)
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(F = r V). Then this is the average velocity of particles due to force generated by an external
energy landscape
v 1 V; (26)

where = D=kgT (there is also a rigorous derivation of this relationship from statistical me-
chanics). For instance, in electrophoresis, a species witbharge g in an electrostatic potential
, moves with an average velocity v= qr , essentially showing us the origin of Ohm's Law,
where the mobility is related to the temperature and the meanfree path. The second moment
measures the variance of a particle's movement and is the mioscopic de nition of the di usion
constant 1 Z
lim — x; : 1)jj®°d = D: 27
me2 1, ( )j ] (27)
Putting this altogether yields a more general version of thedi usion equation, often called a
Fokker-Planck equation

c(x;t)

kT rv+rckxt) ; (28)

@ -
@%(x, t)y=r D
and de nes a more general kind of particle ux

c(x; 1)

J= D
ke T

rv+rckxt) : (29)

This equation holds even under conditions of non-conservate forces,i.e.r r V 6 0. If the
forces are conservativej.e. r r V =0, then we know the Boltzmann distribution must be a
stationary solution of the di usion equation,

c(xt!l )/ e VITHeT: (30)

For instance, Ohm's Law is the case where electron concenttian is constant and henceJd =

cq E. Additionally, we can add all kinds of terms to the right-han d side to create, destroy or
modify probability, leading to so-called ‘reaction-di usion' equations, however, we will end our
derivation here. If the di usion coe cient does not vary in s pace then

C I c(x; 1)
@%(x,t)— Dr kT

rv+rckxt) ; (31)
and if no external potential is applied, we retrieve the canamical di usion equation

@, .\ _ 2 oy
@%(x,t)— Dr 2¢(x;t): (32)

Solutions to the Di usion Equation

Thus far, we have spent a lot of time discussing the physical igins and implications of dif-
fusion, but still do not know how to actually solve this equation explicitly for the evolution of
a di use system. As we will see, there are other physical corepts buried within the di usion
equation that only become apparent upon solution. As a mathenatical entity, the di usion
eguation has two very important features: it is a “linear' equation, and it is “separable' (in most
useful coordinate systems).



The equation being separable means that we can decompose tbeiginal equation into a set
of uncoupled equations for the evolution ofc in each dimension (including time). This means
that whatever solution one nds for c, it can be represented as the multiplication of separate
solutions, for instance, in two dimensions

c(x;t) = X(x) Y(y) T(t): (33)

This fact will also prove quite useful when we consider how dnensionality a ects di usion.
Explicitly, in two dimensions the di usion equation is

e_, @, dc a
@1 @% @y

where if we substitute the separable form ofc we have
1 @T_ 1@X . 1@Y (35)

DT @t X @% Y @Y’
The only way that an equation strictly in time (Ilhs) can be equal to an equation strictly in space
(rhs) is if they are both equal to a constant, that is

1 @T_ 2 2\ .
oT _@t_ (mf+ m3); (36)
and 1@X 1@y
— 2 2\ .
Y—@ﬁ + 7—@% = (mi+ mj); (37)

where we have de ned the peculiar constanm2+ m3, which will make more sense when compared
to the actual solution. Likewise, we can rearrange the spatl equation to read

1@x 1@y | -

X @R Y@y
In order for two completely independent equations of precisly the same form, and opposite sign,
to be equal, they must both equal zero, that is

i= (38)

% +m3X =0 (39)
and
%; + m3Y =0: (40)

We garner a few important facts from this. First, regardless of the dimensionality, we can
always split the di uslipn equation into uncoupled dimensionally independent equations, using a
constant of the form = 'L, m?2, wheren is the number of spatial dimensions. In other coordinate
systems, the number of constants does not change, but theiranstruction must be modi ed.
Second we learn that the solutions for the time component wilhave a form

P n
T(@)/ e P( o md)t (41)
while the spatial components will have solutions

X (x)/ mix: (42)
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Being a linear equation means the equation itself has no pows or complicated functions of
the function c (i.e. there are no terms likec?, €°, etc). This means we can think of the equation
as a so-called “linear di erential operator' acting on the function c

@
@t
This is arguably one of the most profound ideas in all of mathenatical physics. If a di erential

equation is linear, and has more than one solution, new solibns can be constructed by adding
together other solutions. This means that if

L[c]=0 with L = Dr 2 (43)

L[a]=0 (44)

for some solutioncy, then " #
X
L ack =0 (45)
k
for any arbitrary constants ax. By completeness and orthonormality of the Fourier modes, &
know that c(x;t) can be represented as
Z

c(xt)=  Ag(t)e "*dk (46)

with no loss of generality, and this representation can be usd to simultaneously discuss any
level of dimensionality. Using the linearity of the di usio n equation, if one Fourier mode solves
the di usion equation, a general solution can be built by adding together many such modes at
di erent frequencies with the right “strength' Ag(t). First we note that

Z
c(x;t) = c(x;t)dk where c(x;t) = Ax(t)e KX: (47)
Taking the time derivative gives
—@DCk =€ ikx—@DAk' (48)
@t @t ™’

and taking the spatial derivative gives
r = Ax(k ke kx: (49)

Thus the linear operator L acting on ¢k gives a di erential equation for the coe cient Ak

Lo0] = & X Zni+ DAki%e " =0; (50)
which simpli es to
@@,tAk+ DA jkj2=0: (51)

This rst-order di erential equation in time is easily solv ed, yielding
Ak(t) = Ag(0)e PIk* (52)

where A, (0) is an initial condition that we will address momentarily. The rst interesting fact
emerges here, that higher frequencies are damped quadradilty, hence any sharp variations in



probability density “smooth out' very quickly, while longer wavelength variations persist on a
longer time-scale. UsingAk(t) we construct the general solution as
Z

cx;t)=  Ag(0)e Diki*tg ikxg: (53)

but still need to nd the Ax(0)'s using the initial condition c(x; 0). The rst way to proceed is
simply by taking the Fourier Transform on the initial condit ion, namely
Z

c(x; 0)e’* Xdx; (54)

wheren is the number of dimensions. In some sense, this is the answdaut a more useful result
can be had if we study the impulse initial condition ¢(x; 0)= (x x9, where

Z
1

2)n 2 )n

We create a solution to the PDE known as theGreen's Function, by studying the response to
this initial -function impulse

Ax(0) = (x  x9ekxdx = gk x’. (55)

z
Gl x8t)= —1_ @ Dikiftg ik (x x9gy. (56)

The Green's Function tells us how a single point of probabilty density initially at x° evolves in
time and space. Thus the evolution of the system from any inital condition can be found simply
by adding up the right amount of probability density at the right points in space, given by

Z

c(x;t)=  G(x; x%t)c(x® 0)dx® (57)

because each point of probability density evolves in spacera time independently. It behooves
us to mention one caveat, that this method becomes very di cult to employ when the evolution
of the probability density depends on the current (or past) sate of the probability distribution,
so-called “non-linear eld' problems.

In the case of diusion in Cartesian coordinates, the Greens Function is quite easy to
determine from the integral representation. Consider thatwe are working in n dimensions, such
that

Z
P, P AL
G(x; XO; t) = 1 e( Dt jn=1 kalz)e P ki (X on) dkj : (58)
2 )" o
j=1
At rst this looks quite messy, but upon inspection one notices that it can be reorganized to
17 2 n
G(x; x%1) = 5 e DkZtg k(x x)qgk - (59)

This striking result tells us di usion is happening in precisely the same way, independently in
all dimensions. In other words, di usion in 3D is really just di usion in 1D happening simul-
taneously on three orthogonal axes - this is the result of “gmrability’ of the PDE. Performing
the integral gives the n-dimensional Green's function of in nite extent

i x x92
e 4Dt

(4 Dt)w2

G(x; x%t) = (60)



with the proper normalization 7
G(x; x%t)dx = 1: (61)

It is important to realize that the Green's Function depends on the precise boundary conditions
applied, for instance a xed ux boundary condition J(x(s);t) = Jo or xed probability-density
boundary condition c(x(s);t) = c, results in a very di erent Green's Function (where s is a
variable that parameterizes spatial location of a boundarycondition).
Finally, we can use this the Green's Function to study the engmble dynamics of a di using
particle. The average position of a particle is given
Z

hi (t) =  G(x; x®t)xdx = x? (62)

or in other words, on average the particle remains where it wa initially located at t = 0. The
more exciting calculation is what happens to the root-meansquare position of the particle? The
mean-square position is a measure of the degree of uctuatioin the particle's position, given
by the second moment 7

x> ()= GO x%t)(x x)dx: (63)
Again, let us appeal to the full dimensional notation
7 0 1
) 1 P jn=1 (%] xjo)2 xXn 2 Y
x2 ()= ——— e o @ xPA  dx: (64)
(4 Dt )"=2 i=1 i=1

This can be rewritten

e 4Dt

2 - 2 4y
t)=n —__dxA ————X“dx: 65
x> O @bt )z~ @pt)z° (63)
and quickly simpli es to
Z o g

2 - 2

X (t)=n mx (66)
and nally

x? (t) = jx4%2+2nDt: (67)

The the mean-square motion has independent contributionspf strength 2Dt, from each dimen-
sion. Finally, the root-mean-square motion is given by

q

hx2i h xi2= pZnDt; (68)

essentially saying that all di use particles move in a way proportional to = Dt, independent of
dimensionality. There are certain important features of di usion which do depend on dimen-
sionality, for instance th%plobability that a particle is f ound in a neighborhoodjrj around its
initial point scales as (=" Dt)".

One nal, curious property of di usion is that it has a deep connection on many levels to
guantum mechanics and Schrodinger's Wave Equation. One bef parallel is the following, recall
from elementary quantum mechanics that upon measurement of particle's position, the wave
function and hence corresponding probability distribution collapses to a -function. In much
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the same way, a measurement of a di using particle's positin at x° e ectively collapses the
probability distribution to a  -function,and resets time tot = 0, given by ¢(x; 0) = (x x9.

Application of Boundary Conditions using Images

In some rare but informative cases, boundary conditions carbe applied simply by the right
addition of two or more Green's functions to create a new Grer's function. The most common
types of boundary conditions are the so-calledDirichlet and Neumann boundary conditions,
which correspond to specifying either a constant probabilly density, ¢, or a constant ux,
J /r ¢, at some boundary, respectively.

In the rst case, let us presume we want to study di usion with complete absorption,i.e. c =
0, at some boundary. We examine the 2D version of this problemwith the absorbing boundary
at the x = 0 line. Consider what happens if we add one Green's functiorat a position x = (x =
x%y) and subtract a Green's function atx = (x = x%y). At x = 0 the values will completely
cancel all along they-axis for all time. Thus on the half-plane de ned by x 0 the x =0 line
acts like a perfect absorbing boundary, regardless of wherere put X2 Thus the new Green's
function for this scenario is given by

Go(x Oyix? 0yoH)= Glxy:x%ySt)  Gxiy; xy%0); (69)

and one can see how this generalizes to many dimensions. Thergeral solution for any initial
condition c(x; 0) is then b

c(x;t)=  Gp(x;x%t)c(x%0)dx° (70)

forall (x;x9 0. Figure 1c shows a time series with thex = 0 line at the top. Alternatively, we
can construct a simple Neumann boundary condition, where wealo not allow any ux through
the x = 0 line, i.e. J(x = 0;y;t) = 0, which is the same a re ecting boundary condition.
Consider what happens if we add one Green's function at a poson x = (x = x%y) and another
at x = (x = x%y). Whatever ux passes through the x = 0 line from the particle whose
position is x > 0 is exactly replaced by the image ux from the particle with x < 0, thusx =0
acts like a perfect re ecting boundary. The new Green's funtion for this scenario is given by

Gn(x  Oy;ix? 0y50) = GOy xSyS )+ Gxiy;: xOySt); (71)

and one can see how this generalizes to many dimensions. Thergeral solution for any initial
condition c(x; 0) is then b

c(x;t)=  Gn(x;x%t)c(x® 0)dx° (72)
for all (x;x9 0. Figure 1d shows a time series with thex = 0 line at the top.

The reader can then imagine how other interesting scenariogould be constructed inn
dimensions using the idea of images.
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Figure 1: Di usion in two dimensions. a) The evolution of a -function impulse is shown at four
di erent scaled times, in units of Dt. The peak height of the distribution decays as pPt) "=2.
b) Evolution of semi-circle geometry (as indicated by the dashed line) created using the Green's
function, shown at ve scaled times, in units of Dt. c) Time series of the Green's function for
the case wherec(x = 0;y;t) = 0 in time units of Dt. d) Time series of the Green's function for

the case wherer ¢(x =0;y;t) =0 in time units of Dt.
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